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Abstract
Solving singular integral equations is crucial in various practical industrial systems and has long been a challenging and active research area in numerical computation. In recent years, significant progress has been made in numerical techniques for solving differential and integral equations by leveraging deep learning methods, demonstrating notable advantages in continuity and accuracy. However, the singularity of the kernel function in singular integral equations poses unique challenges for traditional deep learning methods. To address this, we propose a Domain-decomposed Antiderivative transformation Iterative Method (D-AIM) for weakly and Cauchy types singular integral equations. For linear singular equations, we divide the solution domain into multiple subdomains and transform the integral terms of the regional equations into antiderivatives of the integrand functions, thereby converting singular integral equations into exact differential equation systems. Multiple neural network functions are mapped to the unknown functions and antiderivatives of the equations, and corresponding loss functions are constructed for deep learning to ultimately obtain numerical solutions of the unknown functions. Numerical experiments on various typical examples demonstrate that the proposed method has high accuracy and applicability, with computational results exhibiting continuity advantages, thus establishing new technical approaches for numerical solutions of singular integral equations.
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Introduction
Singular integral equations are found in a wide range of scientific and technological fields[1-4]. Solving these equations is essential for the quantitative analysis of problems in elasticity and fracture mechanics[5,6], electromagnetic wave scattering[7,8], and the multi-physics coupling analysis of piezoelectric semiconductors[9,10]. Unlike conventional integral equations, singular integral equations feature kernel functions with singularities within the integration domain. This characteristic introduces unique challenges for both theoretical analysis and numerical solution. Research on numerical methods for singular integral equations has always been a key focus and a major challenge in computational mathematics. Classical solution strategies include collocation methods[1,11,12], techniques for handling singular integrals in the boundary element method[7,13,14], and spectral methods suited for mixed-type singular kernels[15-17]. These methods handle singularities through different mathematical mechanisms and strive to improve computational efficiency and stability. Developing efficient, high-precision numerical algorithms to address singular integral equations in different engineering contexts remains an active research direction in this field[1,2,18].
In recent years, deep learning has been used not only for differential equations [19-23] but also increasingly for integral equations. PINN-based methods have been developed for multidimensional Fredholm integral equations [24,25], volume integral equations [26], boundary integral equations [27] and other multidimensional integral equations with continuous kernels [28]. For integral equations with discontinuous coefficients, domain-decomposed XPINNs are often used to accommodate non-smooth solutions across interfaces [29]. DeepONet and neural-operator methods are suitable for solving a class of parameterized problems [21,30-32], thereby enhancing the generalization capability of deep learning based numerical computation. Most of these studies concern non-singular integral equations and evaluate the integral terms by numerical integration, which introduces additional discretization error. The boundary integral neural network (BINN) is an important exception: it converts a PDE into a boundary integral equation using a Green’s function and evaluates weakly singular and Cauchy-type singular integrals by regularization techniques. Its applicability, however, depends on the existence of the BIE formulation and the fundamental solution. In many non-linear problems, the unknowns in the interior region cannot be completely eliminated. Moreover, the fundamental solution may be hard to obtain or even not exist [27]. Therefore, it is necessary to explore new deep learning methods for solving singular integral equations.
To tackle the challenges posed by singular integral equations in deep learning, this paper proposes a Domain-decomposed antiderivative transformation iterative method (D-AIM) for weakly and Cauchy types singular integral equations. For linear singular equations, we divide the solution domain into multiple subdomains. The integral terms in the equations on these subdomains are then transformed into antiderivatives of the integrands, thereby converting the singular integral equations into exact differential equation systems. Multiple neural network functions are mapped to the unknown functions and antiderivatives of the equations, and corresponding loss functions are constructed for deep learning to ultimately obtain numerical solutions of the unknown functions, thus providing new technical approaches for numerical solution methods of singular integral equations. Unlike traditional methods, the deep-learning approach proposed in this work builds the solution scheme directly from the original equation, without any model simplification. The solution process is well-organized and relatively simple to implement. Moreover, deep-learning approaches are widely regarded as a promising method for solving high-dimensional integro-differential equations. The proposed method may therefore provide a useful and potentially high-performance route for solving singular integral equations arising in fracture mechanics and other complex engineering problems.
Since second-kind linear singular integral equations have canonical forms and the existence of their solutions is well established, this paper focuses primarily on this type. Nevertheless, the basic ideas presented can also provide insights for solving other forms of singular integral equations. Although multi-dimensional integral equations are often encountered in practical problems, methods for solving single-variable integral equations can, in principle, be extended to multi-dimensional ones [1]. For simplicity, we focus on single-variable linear singular integral equations, and the basic principles are applicable to high-dimensional and nonlinear singular equations.
Various forms of linear singular integral equations
The general form of linear singular integral equations is [1,2]:
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[bookmark: MTBlankEqn]where  is the unknown function,  is a fixed parameter, , , and the singular integral kernel  are known functions. When the integration limits  in the equation are constants, the linear equation  is a Fredholm equation. When the limits  contain variables, the integral equation becomes a Volterra integral equation. Additionally, when , it is a first-kind integral equation; when , it is a second-kind integral equation; when  is a continuous function of , it is a third-kind integral equation. The following discussion focuses on second-kind linear singular integral equations. According to different forms of the singular integral kernel , this type of equation has three forms [1].
1) Weakly singular integral equations:




Let , where  is a continuous and bounded function,  is a constant with . The specific form of weakly singular integral equations is:
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2) Cauchy integral equations:






Let , where  is continuous and has partial derivatives with respect to  and , and  satisfies the Hölder condition [1] on . The equation form is:

[bookmark: ZEqnNum899301][bookmark: eq%3A3]		

Cauchy singular integral equations are generally divergent in the usual sense but converge under the principal value integral definition, i.e., the limit  exists.
3) Hypersingular equations:






[bookmark: OLE_LINK1][bookmark: OLE_LINK2]Let , where  is a constant with is at least  times differentiable, and its -th derivative satisfies the Hölder continuity condition [1]. The equation form is:

[bookmark: ZEqnNum377823]		
This equation has higher singularity than Cauchy principal value integrals and requires mathematical meaning through integration by parts. This type of equation can be transformed into Cauchy integral equations for solution under certain conditions [1].


The forms of  and  in equations - significantly affect the existence and uniqueness of equation solutions, and extensive theoretical research has been proposed [1,2]. This paper develops deep learning numerical solution methods under the assumption that the integral kernels and related forms of these equations satisfy the conditions for solution existence and uniqueness.
Antiderivative transformation theory
3.1. Basic theoretical principles
The basic principle of the D-AIM method is to divide the solution domain into different regions based on the positions of singular points, according to the specific form of singular integral equations. In each region, integral terms are represented using antiderivatives of the integrand functions, and methods for constructing specific solutions of the antiderivatives are established. Simultaneously, mathematical relationships between the unknown functions and the regional antiderivatives are established, thereby transforming the singular integral equations into exact systems of differential equations. Subsequently, the unknown functions to be solved and the regional antiderivatives are mapped to different neural networks, and loss functions corresponding to the governing equations, antiderivative equations, and definite solution constraints are established for deep learning. Through iterative training of these neural networks, the loss functions are gradually reduced. When the loss functions approach their minimum values, the outputs of the neural networks approximate the antiderivatives, and the numerical solutions for the unknown functions are consequently obtained.
By the Newton–Leibniz formula, if the kernel in an integral term is continuous over the solution domain, then, provided that a definite solution exists, the integral term and its antiderivative are in one-to-one correspondence. This establishes the equivalence between the original singular integral equation and the transformed differential system [1,28]. Because the antiderivative transformation of an integral term with a continuous kernel is mathematically rigorous, the transformation is stable.
Since Fredholm and Volterra equations have different forms of integration domains, the following discusses second-kind Volterra-type weakly singular equations  and Fredholm-type Cauchy singular equations  separately. The approaches for other types of equations can be derived by analogy.
3.2. Volterra-type weakly singular equations



[bookmark: OLE_LINK4][bookmark: OLE_LINK5]Introducing a small quantity  and changing the original equation integration domain  to , the original equation becomes:
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According to the properties of weakly singular integral equations, when , equation  converges and  has a continuous solution. In the integration domain  with respect to , equation  can be treated as a normal integral equation.  and  are both continuous. The integrand  is singular along the diagonal , but it is continuous outside the region around  with width . According to the fundamental theorem of calculus [33], there exists an integral antiderivative , and the derivative of  with respect to  is:
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It should be noted that when taking the derivative of  with respect to  can be treated as a variable independent of  and treated as a constant. From the Newton-Leibniz formula, it follows that:
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Substituting equation  into  gives:
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It is worth noting that according to the properties of calculus, the antiderivative  of the same integrand  is a family of functions differing by a real constant [33]. The antiderivatives satisfying equations  and  are not uniquely determined, and all these antiderivatives have equal derivatives with respect to . 

Let  denote a specific antiderivative, such that:

		
and satisfy:

		

By choosing , we obtain a specific antiderivative:
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This expression directly implies that when , .


Thus, within the family of antiderivatives , a specific antiderivative  satisfying the prescribed constraint has been obtained. Substituting equation  into equation  and combining with equation  gives:

[bookmark: ZEqnNum757936]		


Thus, the Volterra-type weakly singular equation  is transformed into a differential equation system  without integral terms through antiderivative transformation. The ranges of  and  are as shown in Fig. 1.
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Fig. 1 The range of values for  and .
It is worth noting that the first and second terms in equation  can be combined into the following form:

[bookmark: ZEqnNum228111]		


To further reduce the complexity of the equation, we can first solve for  using equation , and subsequently obtain an implicit solution for the unknown function  through equation .
For normalization purposes and to focus on the main deep learning principles, the analysis in the following sections will continue to employ equation  as the basis of discussion.
3.3. Fredholm-type Cauchy singular equations



Since the original equation  converges under the principal value integral definition [1], introducing a small quantity and changing the original equation  integration domain  to transforms  to:
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Similar to Section 3.2, the two integral terms in equation  are normal integral terms, and there also exist integral antiderivatives  and  with respect to :
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From the Newton-Leibniz formula, it follows that:

[bookmark: ZEqnNum466714]		
Substituting  into  gives:

[bookmark: ZEqnNum187017]		




As shown in the above derivation of equation , there also exist specific antiderivatives such that when ,, and when , . Combining equations  and  gives:

[bookmark: ZEqnNum119164]		 




Thus, the original Fredholm-type Cauchy singular equation is transformed through antiderivative transformation into a differential equation system  without integral terms. The ranges of  and  for  and  are as shown in Fig. 2.
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Fig. 2 The range of values for  and .

Equation  can also be simplified in the same manner as equation , enabling an implicit solution for . It should be noted that the above two types of singular equations are representative. Other forms of singular equations can be transformed into these two forms using mathematical methods for solution, or can be derived through analogy to these two forms according to the convergence definition of the singular equation. 
Neural network loss function construction


After transforming the singular integral equations into exact systems of differential equations, we employ artificial neural networks as trial functions to approximate the unknown function  and the antiderivative , based on the fundamental theory and framework of deep learning methods for numerically solving the differential equations [19,24]. These functions are then substituted into the transformed system of differential equations to construct the neural network loss function.
The function form represented by fully connected deep neural networks is [34]:

[bookmark: ZEqnNum376460]		







where  is the neural network input vector,  is the neural network output,  is the neural network connection weight,  is the neural network bias term,  is the network depth,  is the number of hidden neural units, and  is the network mapping function.
Using equation  as trial functions, we substitute them into the governing equations, antiderivative equations, and definite solution constraint conditions of  and  to generate corresponding loss functions. The generation of these loss functions follows the deep learning methods established for continuous integral equations [24-28]. The following section uses equation  as an example for illustration.
4.1. Governing equation loss function









Let , where the neural network vectors  and  represent the input variables  and  in equation . If the equation contains multi-dimensional variables,  and  can be adaptively adjusted according to the dimensions of  and .
Substituting the above equivalent relationships into the first term of equation , the loss function represented by the original governing equation residual is:

[bookmark: ZEqnNum901957]		

[bookmark: OLE_LINK6]where  represents the sample points required for machine learning, which can be generated according to certain probability density distributions or using different density distribution strategies based on the equation form [19].
4.2. Antiderivative equation loss function

Substituting the neural network functions  into the second and third terms of equation , the loss functions for the antiderivative equations are:
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where  represents the sample points required for machine learning. It should be noted that since the second and third terms in equation  contain  divided by (), when  approaches , extremely large values occur. Therefore, both sides of the equation are multiplied by  to obtain the corresponding loss functions in equation .
4.3. Antiderivative definite solution constraint loss function




[bookmark: OLE_LINK7]For antiderivative definite solution constraints, which are defined by given function values at specific points, the corresponding loss functions can be constructed in a data-driven manner [19]. Let  and . From the last term of equation ,  and , the definite solution constraint loss functions are:

[bookmark: ZEqnNum222969]		


where  and  are machine learning sample points on the domain of definite solution constraint terms. The domain of definite solution constraint terms in equation  is a line, and the range is uniformly zero.
4.4. Unified weighted loss function





Among the three neural network functions , and  corresponds to the separate loss function  of the governing equation, while  and  correspond to antiderivative equations and definite solution constraint loss functions respectively. These two loss functions need to be weighted to obtain unified machine learning loss functions for antiderivatives:
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[bookmark: _Hlk212267610]where , and  are loss function weights for antiderivative equations and antiderivative definite solution constraints. As machine learning hyperparameters, they are typically set empirically or through experimentation. 
Deep learning process for antiderivative forms differential equations










After transforming the integral equations into exact differential equations and defining the corresponding loss functions, the deep learning process can be carried out either with the standard PINN framework [19] or with one of the improved deep-learning architectures developed for differential equations [27,29,35]. The deep learning process involves setting the network structures of neural network functions , and , constructing machine learning sample sets according to their respective solution domains, and updating the weights  and biases  in equation  according to the weighted loss functions determined by equations  and , so that , and  decrease alternately and gradually approach zero. In the training process described above, the number of loop iterations in the computational procedure depends on the complexity of the task. Once training is complete,  approximates the numerical solution  of the equation. In practice, convergence criteria are generally set for loss functions, i.e., less than the preset minimum value , or a maximum number of machine learning rounds. Machine learning stops when convergence criteria are satisfied. Taking the case where all neural network loss functions are less than  as the convergence criterion, the iterative computation flowchart is shown in Fig. 3:
[bookmark: _Hlk211950396][image: ]
Fig. 3 Workflow of the D-AIM procedure
Numerical verification
In this section, all numerical examples were trained on a single NVIDIA GeForce RTX 4070 Ti GPU. The networks were implemented, differentiated automatically and trained using PyTorch 2.12.0 with CUDA 12.6 acceleration, and the complete workflow was run in Python 3.13.
6.1. Verification of the second kind Volterra integral equation with weakly singular kernel
Problem description: The Volterra integral equation of the second kind with weakly singular kernel described by equation  has an analytical solution given by the form of equation .

[bookmark: ZEqnNum257472]		
The analytical solution is:

[bookmark: ZEqnNum500101]		
The transformed form of Equation (12) is adopted for deep machine learning solution.



Machine learning method and parameter selection: A standard fully connected neural network is employed with 100 hidden units () and 5 network layers (), using the Adam optimization algorithm. The learning rate starts from  and gradually decreases as the number of training iterations increases. Training continues until loss function value ceases to decrease. The number of samples and corresponding loss function weights are selected using empirical coefficients.








[bookmark: tab_volterra_second_kind]Detailed parameters and numerical results are presented in Table 1. Fig. 4 shows the scatter plots of the computed results for the antiderivative  and the unknown function . The parameter  in Table 1 represents the mean square error between the generalization results computed by the trained neural network at all sample points and the analytical solution. The Loss denotes the loss function value after training, and the small quantity  is set to 0.001. Since  is singular at , the computation of  in the table below is performed for .
Table 1 Loss function, and numerical results for the second kind Volterra integral equation with weakly singular kernel.
	Network
	Type of Loss Function
	Form of Loss Function
	Number of Samples
	Loss Function Weight
	

	Loss

	

	
Governing equation 
	Equation 
	10000
	1
	2.513e-3
	3.271e-7

	

	
Antiderivative equation 
	Equation 
	24990
	

	
	7.320e-6

	
	
Antiderivative definite solution constraint 
	Equation 
	150
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	(a) The antiderivative distribution
	(b) The numerical solution distribution

	[image: ]
(c) The pointwise absolute error distribution
Fig. 4. Numerical results of the second kind Volterra weakly singular integral equation. (a) deep-learning result for the antiderivative over the two-dimensional (x, t) domain, where the red line segment denotes the antiderivative definite solution constraint; (b) comparison between the D-AIM numerical solution and the analytical solution of the Volterra weakly singular equation; (c) pointwise absolute error between the D-AIM numerical solution and the analytical solution of the Volterra weakly singular equation.


6.2. Verification of the second kind Fredholm weakly singular integral equation
Problem description: Equation  defines a second kind Fredholm weakly singular integral equation, whose analytical solution is given by Equation :

[bookmark: ZEqnNum925299]		
where

		
The analytical solution is expressed as

[bookmark: ZEqnNum975503]		
For the  second kind Fredholm weakly singular integral equation, the deep learning solution is obtained using the transformed formulation analogous to Equation .

The machine learning framework and parameter settings are consistent with those in Section 6.1. The loss functions and numerical computation results are summarized in Table 2, where the small quantity  is set to 0.004. The resulting point cloud visualization is shown in Fig. 5.
Table 2 Loss function, and numerical results for the second kind Fredholm weakly singular integral equation.
	Network
	Type of Loss Function
	Form of Loss Function
	Number of Samples
	Loss Function Weight
	

	Loss

	

	
Governing equation 
	Equation 
	10000
	1
	5.171e-8
	1.376e-7

	

	
Antiderivative equation 
	Equation  
	24990
	

	
	5.516e-7

	
	
Antiderivative definite solution constraint 
	Equation 
	150
	

	
	

	

	
Antiderivative equation 
	Equation  
	25001
	

	
	1.503e-6

	
	
Antiderivative definite solution constraint 
	Equation 
	150
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	(a) The antiderivative distribution
	(b) The numerical solution distribution
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(c) The pointwise absolute error distribution
Fig. 5. Numerical results of the second kind Fredholm weakly singular integral equation. (a) deep-learning result for the antiderivative over the two-dimensional (x, t) domain, where the red line segment denotes the antiderivative definite solution constraint; (b) comparison between the D-AIM numerical solution and the analytical solution of the Fredholm weakly singular equation; (c) pointwise absolute error between the D-AIM numerical solution and the analytical solution of the Fredholm weakly singular equation.


To quantitatively analyze the sensitivity of the proposed method to the small quantity 𝜀, a systematic sensitivity analysis was carried out. Eleven values of 𝜀 were selected across different orders of magnitude,


and five independent repeated runs were carried out for each value. In the above computing environment, each training run took approximately 5400 s on average. Fig. 6 shows the evolution of the total loss with the number of training epochs. The loss decreases steadily and levels off at roughly 500,000 epochs, indicating that training has converged.
Fig. 7 shows the variation of the MSE with 𝜀, together with the error bars obtained from the repeated runs. The results show that for ε > 0.001 the prediction error decreases as ε decreases, whereas for ε < 0.001 the prediction error remains essentially unchanged. The experimental results show that the total loss of the proposed method decreases progressively with the iterations and then levels off, indicating that the computational process exhibits good convergence, as shown in Fig. 6.
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	Fig. 6. The evolution of the total loss
	
Fig. 7. Mean squared error of the predicted solution as a function of 


For comparison, the present problem is also solved using the conventional PINN deep learning framework. Fig. 8 shows the evolution of the total loss with the number of training epochs for the PINN method, and Fig. 9 compares the D-AIM solution, the PINN solution, and the analytical solution. The results show that the loss of the PINN method oscillates drastically during training and does not decrease to a converged level, resulting in a large error; the D-AIM method therefore exhibits a clear performance advantage over the conventional PINN in this example.
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	Fig. 8. The evolution of the total loss
	Fig. 9. Comparison of the predicted solutions with the analytical solution


6.3. Verification of the second kind Fredholm Cauchy singular integral equation
Problem description: Equation  defines a second kind Fredholm Cauchy singular integral equation, whose analytical solution is given by Equation :

[bookmark: ZEqnNum806874]		
The analytical solution is expressed as

[bookmark: ZEqnNum930149]		
For the second kind Fredholm Cauchy singular integral equation, the deep learning solution is similarly obtained using the transformed formulation given by Equation .






The machine learning framework and parameter settings are identical to those in Section 6.1, while the loss functions follow those in Section 6.2. The small quantity  is set to 0.005. The resulting point cloud visualization is shown in Fig. 10, and the mean square error  between the numerical and analytical solutions after training is 8.0324e-4. Since  is singular at , the computation of  is performed for .
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	(a) The antiderivative distribution
	(b) The numerical solution distribution
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(c) The pointwise absolute error distribution
Fig. 10. Numerical results of the second kind Fredholm Cauchy singular integral equation. (a) deep-learning result for the antiderivative over the two-dimensional (x, t) domain, where the red line segment denotes the antiderivative definite solution constraint; (b) comparison between the D-AIM numerical solution and the analytical solution of the Fredholm Cauchy singular equation; (c) pointwise absolute error between the D-AIM numerical solution and the analytical solution of the Fredholm Cauchy singular equation. 


6.4. Verification of the second kind Fredholm Hilbert singular integral equation



Problem description: Equation (31) defines a second-kind Fredholm Hilbert singular integral equation, in which the function  is known to be periodic, satisfying, where  is an integer. The analytical solution is given by Equation (32):

		
The analytical solution is expressed as

		
For this equation, the deep learning solution is obtained in the same manner as before, using the transformed formulation given in Equation .


The machine learning framework and parameter settings are identical to those in Section 6.1, while the loss functions follow those in Section 6.2. The small quantity  is set to 0.004. The resulting point cloud visualization is shown in Fig. 11, and the mean square error  between the numerical and analytical solutions after training is 1.4144e-4.
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	(a) The antiderivative distribution
	(b) The numerical solution distribution
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(c) The pointwise absolute error distribution
Fig. 11. Numerical results of the second kind Fredholm Hilbert singular integral equation. (a) deep-learning result for the antiderivative over the two-dimensional (x, t) domain, where the red line segment denotes the antiderivative definite solution constraint; (b) comparison between the D-AIM numerical solution and the analytical solution of the Fredholm Hilbert singular equation; (c) pointwise absolute error between the D-AIM numerical solution and the analytical solution of the Fredholm Hilbert singular equation.


6.5. Verification of the second kind Fredholm hypersingular integral equation

Problem description: Equation  defines a second kind Fredholm hypersingular integral equation. Under the auxiliary condition , the analytical solution [36] is given by Equation :

[bookmark: ZEqnNum301170]		
The analytical solution can be expressed as

[bookmark: ZEqnNum595653]		


According to the properties of hypersingular integrals [37], when  is first-order differentiable and satisfies , the original equation can be transformed into a Cauchy type integral equation:

		
For the above equation, the deep learning solution is obtained in the same manner as before, using the transformed formulation given by Equation .


The machine learning framework and parameter settings are identical to those in Section 6.1, while the loss functions follow those in Section 6.2. The small quantity   is set to 0.002. The resulting point cloud visualization is shown in Fig. 12, and the mean square error  between the numerical and analytical solutions after training is 5.6532e-4.
	[image: ]
	[image: ]

	(a) The antiderivative distribution
	(b) The numerical solution distribution

	[image: ]
(c) The pointwise absolute error distribution
[bookmark: _Hlk212290925]Fig. 12. Numerical results of the second kind Fredholm hypersingular integral equation. (a) deep-learning result for the antiderivative over the two-dimensional (x, t) domain, where the red line segment denotes the antiderivative definite solution constraint; (b) comparison between the D-AIM numerical solution and the analytical solution of the Fredholm hypersingular equation; (c) pointwise absolute error between the D-AIM numerical solution and the analytical solution of the Fredholm hypersingular equation.


In summary, validations across various forms of singular integral equations demonstrate that the proposed D-AIM deep learning method achieves favorable computational accuracy compared to both numerical benchmarks and analytical solutions. The numerical results exhibit a notable characteristic of continuity. It is particularly important to note that the neural network used in this study is a standard fully connected network [26], and the deep learning approach utilizes the fundamental PINN framework along with the Adam algorithm [27,38]. The computational accuracy is expected to be further improved by adopting more advanced neural network architectures and machine learning frameworks [39-42].
Conclusion
This paper addresses the challenges posed by singular kernel functions in the numerical computation of singular integral equations and proposes a deep learning-based approach to solve them. The main contribution lies in proposing a Domain-decomposed antiderivative transformation iterative method (D-AIM) that divides the equation solution domain into multiple subdomains while using mathematical methods to transform singular integral equations into exact differential equation systems. Multiple neural networks are mapped to the unknown functions and their corresponding antiderivatives, and are trained alternately to ultimately obtain numerical solutions. Numerical experiments demonstrate that the proposed D-AIM method achieves high accuracy for linear weakly singular equations and Cauchy singular equations, while also producing continuous solutions. Moreover, it can be effectively extended to hypersingular equations and singular equations with periodic characteristics, demonstrating broad applicability. The related domain decomposition transformation theory and iterative processes also provide valuable insights for solving other forms of singular equations.
Future research will focus on theoretically analyzing the convergence and stability of the multi-network iterative deep learning method and quantitatively evaluating its time and space complexity. Further theoretical studies will also examine how key hyperparameters, including network architecture, loss weights, and sampling strategies, affect solver performance. Meanwhile, more advanced neural network architectures, such as graph neural networks, large-scale GPU-based parallel computing frameworks, and next-generation deep learning algorithms, will be explored to further improve computational accuracy and efficiency. In addition, the proposed method will be extended to high-dimensional spaces, more complex nonlinear integral kernels, more general forms of hypersingular equations, and engineering applications of greater practical relevance, such as fracture mechanics.
Appendix
The notation used in this paper is summarized in Table 3.
Table 3 Symbols and definitions
	Symbol
	Definition

	a, b
	Lower and upper limits of integration

	x, t
	Independent and integration variables, x, t ∈ [a, b]

	ϕ(x)
	Unknown solution of the singular integral equation

	λ
	Fixed parameter of the integral equation

	a(x), f(x)
	Known functions

	K(x, t)
	Singular integral kernel

	G(x, t)
	Continuous and bounded part of the kernel

	α
	Order of the kernel singularity

	ε
	Small quantity

	Ω
	Integration domain

	F(x, t)
	Antiderivative of the integral term

	C
	Constant

	

	Neural-network input vector

	

	Neural-network weights and biases

	

	Network depth

	

	Number of hidden neurons

	

	Neural-network output for ϕ(x)

	

	[bookmark: OLE_LINK9]Neural-network output for Fa (x, t), Fb (x, t)

	

	Loss function for the original governing equation

	

	Loss function for the antiderivative equation

	

	Loss function for the antiderivative definite solution constraint

	

	Unified machine-learning loss for the antiderivative

	

	Loss-function weights

	

	Convergence tolerance for the training loss

	

	Mean squared error
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