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Abstract4

Neutron diffusion calculations are essential in reactor physics, but heterogeneous reactor cores contain discontinuous5

diffusion coefficients and macroscopic cross sections. These discontinuities induce interface singularities and flux-6

gradient jumps, causing convergence and accuracy issues in deep learning solvers. This paper applies the variable-7

domain integral weak solution (VIWS) theory to heterogeneous neutron diffusion calculations. A VIWS form of the8

neutron diffusion equation is derived for complex geometries and multigroup conditions. By reducing the differential9

order, this form removes singular interface derivatives caused by discontinuous coefficients. A meshless deep learning10

framework is then constructed for fixed-source and eigenvalue problems. Using a single-network representation of the11

global solution, the loss function is defined over the whole domain, avoiding special numerical treatment at material12

interfaces. An antiderivative transformation further converts weak-form integral terms with continuous kernels into13

differential constraints, improving computational efficiency. Numerical examples show that the proposed method14

accurately solves two- and three-dimensional heterogeneous neutron diffusion problems and is adaptable to complex15

geometries, multigroup calculations, and eigenvalue problems. This work provides a new technical approach for16

neutron diffusion calculations and lays a foundation for further engineering applications of deep learning methods to17

neutron diffusion equations.18

Keywords: Neutron diffusion calculations, deep learning, variable-domain integral weak solution, heterogeneous19

media, antiderivative transformation20

1. Introduction21

Accurate prediction of neutron flux distributions and critical eigenvalues is a fundamental task in reactor core de-22

sign, fuel management, and safety margin assessment. As a classical approximation of the neutron transport equation23

at the engineering scale, the neutron diffusion equation has both physical interpretability and computational efficiency,24

and has long been used in reactor physics analysis [1]. Practical reactor cores are usually composed of various mate-25

rials, such as fuel, cladding, moderator, reflector, and control rods. The diffusion coefficients and macroscopic cross26

sections exhibit piecewise discontinuities at material interfaces. Under the constraint of interface conditions, the neu-27

tron flux remains continuous, while its normal gradient changes abruptly with the diffusion coefficient. The resulting28

interface singularity is a key issue that needs to be carefully handled in neutron diffusion calculation for complex29

heterogeneous media.30

For the neutron diffusion equation, traditional numerical methods have been well developed. These methods31

mainly include the finite difference method, the finite volume method, the finite element method (FEM), and various32

nodal methods [2–5]. These methods have high reliability in reactor engineering calculation and have been widely33

used in the analysis and design of existing reactor types. However, as future reactor cores become more complex34
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in geometry and more compact in layout, neutron transport effects and anisotropic behavior may become more pro-35

nounced. Therefore, developing meshless calculation methods with high-dimensional and high-accuracy capability,36

strong geometric adaptability, continuous field representation ability, and interface handling ability remains a key and37

difficult issue of continuous interest in industry.38

In recent years, deep learning-based numerical methods for differential equations, represented by physics-informed39

neural networks (PINNs) [6], have shown promise in solving complex nonlinear partial differential equations and have40

been applied to problems in many fields [7, 8]. In particular, in the field of reactor physics, PINNs have been used for41

multidimensional neutron diffusion calculation, reactor kinetics, transient analysis, and critical eigenvalue problems42

[9–19]. However, existing deep learning methods still face substantial difficulties in solving problems with discontin-43

uous coefficients. On the one hand, abrupt changes in the coefficients make the smoothness assumption of the solution44

invalid. On the other hand, due to the inherent spectral bias of neural networks when approximating high-frequency45

features, these methods have difficulty accurately capturing the gradient jumps near interfaces [20].46

To solve these problems, existing studies have proposed several improved strategies, which can be roughly di-47

vided into three categories. The first category is based on domain decomposition. Multiple neural networks are used48

to represent the solutions in different subdomains, and the subdomains are coupled through interface conditions such49

as flux continuity [21–23]. The second category retains a single-network architecture. It improves the resolution of50

the network in local nonsmooth regions by increasing the density of sampling points near interfaces or by introduc-51

ing residual-based resampling mechanisms [12, 24]. The third category also adopts a single-network framework but52

captures interface jump features by designing specialized activation functions [25] or by constructing special inter-53

face loss functions [26–28]. In general, the second category is easy to implement but has limited ability to capture54

discontinuous features caused by singular interface derivatives. The first and third categories are more accurate for55

simple interface problems, but their computational cost increases significantly for multi-region or complex geometries56

because each interface usually requires special treatment. In neutron diffusion calculations, several physics-informed57

neural network variants, such as conservative, data-enabled, and residual resampling-based methods, have been devel-58

oped to improve training stability and accuracy [29–32]. However, for complex core geometries with many material59

interfaces, these methods still often rely on domain decomposition, multi-network coupling, or prior data. Thus, han-60

dling discontinuous-coefficient interface effects within a single-network framework remains a key challenge [33, 34].61

Recently, the variable-domain integral weak solution (VIWS) method proposed in Ref. [35] has provided a new62

framework for solving partial differential equations with discontinuous coefficients using deep learning. Different63

from the traditional integral weak-solution form over a fixed domain, the core idea of this method is to replace the64

strong-form residual with a variable-domain integral weak form, so as to reduce the influence of gradient jumps at65

material interfaces on network training. However, existing VIWS studies only give the basic mathematical form of66

the variable-domain integral weak solution [35, 36]. Detailed derivation and complete forms for the neutron diffusion67

equation are still lacking. In particular, important issues in reactor engineering neutron diffusion calculation, such68

as high-dimensional multigroup problems, complex geometries, and eigenvalue search, have not been fully verified.69

Therefore, this paper extends the VIWS theory to neutron diffusion calculation in heterogeneous media, builds a deep70

learning framework suitable for complex neutron diffusion calculation, and verifies and evaluates the performance71

of the VIWS theory and its related numerical methods, as well as their applicability to reactor engineering, through72

typical neutron diffusion benchmarks with engineering features.73

The rest of this paper is organized as follows. Section 2 gives the mathematical model of the neutron diffusion74

equation, with a focus on the multigroup fixed-source problem, the eigenvalue problem, and interface conditions in75

heterogeneous media. Section 3 constructs the variable-domain integral weak form of the neutron diffusion equation,76

and gives the antiderivative transformation and the corresponding deep learning solution framework. Section 4 verifies77

the performance of the proposed method in complex geometries, multigroup coupling, and eigenvalue calculation78

through several two-dimensional and three-dimensional numerical examples. Section 5 summarizes the paper and79

discusses future research directions.80

2. Neutron diffusion equation81

The neutron diffusion equation is a commonly used engineering-scale approximation of the neutron transport82

equation and serves as a basic model in reactor physics analysis and core design. It describes neutron diffusion,83

absorption, scattering, and fission production in media. Its continuous-energy form can be written as [1]:84
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1
v
∂ϕ(r, E, t)
∂t

= ∇ · (D(r, E)∇ϕ(r, E, t)) − Σt(r, E)ϕ(r, E, t)

+

∫ ∞
0
Σs
(
r, E′ → E

)
ϕ
(
r, E′, t

)
dE′

+ χ(E)
∫ ∞

0
ν
(
E′
)
Σf
(
r, E′
)
ϕ
(
r, E′, t

)
dE′ + S (r, E, t),

(1)

where ϕ(r, E, t) is the neutron flux, v is the neutron speed, D is the diffusion coefficient, ν is the average number of85

neutrons produced per fission, χ(E) is the fission neutron spectrum, Σt, Σs, and Σf are the total, scattering, and fission86

cross sections, respectively, and S is the external source term.87

In practical calculations, steady-state problems are usually of interest. By neglecting the time term and discretizing88

the continuous energy variable into G energy groups, the steady-state multigroup fixed-source diffusion equation can89

be written as90

−∇ ·
(
Dg(r)∇ϕg(r)

)
+ Σt,g(r)ϕg(r) =

G∑
g′=1

Σs,g′→g(r)ϕg′ (r) + χg

G∑
g′=1

(νΣf)g′ (r)ϕg′ (r) + S g(r), g = 1, 2, . . . ,G. (2)

where ϕg, Dg, and S g are the neutron flux, diffusion coefficient, and external source term of group g, respectively. Σt,g,91

Σs,g′→g, (νΣf)g′ , and χg denote the total cross section, the scattering cross section from group g′ to group g, the fission92

production cross section of group g′, and the fission spectrum fraction, respectively.93

When the external source term is zero, the critical property of the core can be described by the effective multipli-94

cation factor keff . In this case, the multigroup diffusion equation can be written as an eigenvalue problem:95

−∇ ·
(
Dg(r)∇ϕg(r)

)
+ Σt,g(r)ϕg(r) =

G∑
g′=1

Σs,g′→g(r)ϕg′ (r) +
χg

keff

G∑
g′=1

(νΣf)g′ (r)ϕg′ (r), g = 1, 2, . . . ,G. (3)

where keff < 1, keff = 1, and keff > 1 correspond to subcritical, critical, and supercritical states, respectively.96

To make the problem well-posed, boundary conditions must also be given on the boundary ∂Ω. Common boundary97

conditions can be written in a unified form as98

αg(r)ϕg(r) + βg(r)Dg(r)∇ϕg(r) · n = qg(r), r ∈ ∂Ω, (4)

where n is the outward unit normal vector on the boundary. By choosing different αg, βg, and qg, this form can99

represent reflective boundaries, vacuum boundaries, and other cases.100

Practical reactor cores are composed of multiple materials, and the diffusion coefficients and macroscopic cross101

sections take different values in different material regions. Let the computational domain Ω be divided into M non-102

overlapping subdomains:103

Ω =

M⋃
m=1

Ωm, Ω◦i ∩Ω◦j = ∅, i , j. (5)

In subdomain Ωm, the material parameters can be written as104

Dg(r) = D(m)
g , Σt,g(r) = Σ(m)

t,g , Σs,g′→g(r) = Σ(m)
s,g′→g, Σf,g(r) = Σ(m)

f,g , r ∈ Ωm. (6)

Therefore, at the material interface105

Γi j = ∂Ωi ∩ ∂Ω j, (7)

the material parameters usually have jumps. According to neutron conservation, the two sides of the interface should106

satisfy107

[ϕg]Γi j = 0,
[
Dg∇ϕg · n

]
Γi j
= 0. (8)

Here, [·]Γi j denotes the jump across the interface. Eq. (8) shows that the neutron flux is continuous at the interface.108

However, because Dg is discontinuous, ∇ϕg is generally discontinuous across the interface. For PINNs that directly109

use the strong-form residual, this makes the calculation of second-order derivatives unstable and can easily cause error110

accumulation near interfaces and training difficulties [26].111
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3. Methodology112

3.1. Variable-domain integral weak solution form for neutron diffusion calculations113

For the steady-state multigroup eigenvalue problem shown in Eq. (3), this section constructs its VIWS form [35].114

For any spatial point r = (r1, . . . , rd) in the computational domain Ω ⊂ Rd, the corresponding variable-domain115

integration region Ωr is defined as:116

Ωr = {ξ ∈ Ω : ξk ≤ rk, k = 1, . . . , d} . (9)

Accordingly, the boundary ∂Ωr of Ωr can be divided into the external physical boundary Γr
E and the internal117

truncation boundary Γr
I :118

∂Ωr = Γ
r
E ∪ Γr

I ,

{
Γr

E = ∂Ωr ∩ ΓE ,
Γr

I = ∂Ωr \ ΓE .
(10)

Here, Γr
E denotes the external boundary inherited from the physical boundary ∂Ω, while Γr

I denotes the internal119

interface formed by the truncation of the variable-domain integration region.120

Multiplying the group-g equation in Eq. (3) by the test function v(ξ) and integrating over the variable-domain121

integration region Ωr gives122 ∫
Ωr

[
−∇ ·
(
Dg(ξ)∇ϕg(ξ)

)]
v(ξ) dξ +

∫
Ωr

Σt,g(ξ)ϕg(ξ)v(ξ) dξ

=

∫
Ωr

 G∑
g′=1

Σs,g′→g(ξ)ϕg′ (ξ) +
χg

keff

G∑
g′=1

(νΣf)g′ (ξ)ϕg′ (ξ)

 v(ξ) dξ.
(11)

According to the basic weak-solution theory [37], the diffusion term can be decomposed into a volume integral123

term, an external boundary flux term, and an internal interface flux term:124 ∫
Ωr

[
−∇ ·
(
Dg(ξ)∇ϕg(ξ)

)]
v(ξ) dξ =

∫
Ωr

Dg(ξ)∇ϕg(ξ) · ∇v(ξ) dξ︸                             ︷︷                             ︸
volume integral term

+

∫
Γr

E

[
−Dg(ξ)∇ϕg(ξ) · n

]
v(ξ) dγ︸                                  ︷︷                                  ︸

external boundary term

+

∫
Γr

I

[
−Dg(ξ)∇ϕg(ξ) · n

]
v(ξ) dγ︸                                  ︷︷                                  ︸

internal interface term

,

(12)

where n is the outward unit normal vector on the boundary ∂Ωr.125

Substituting Eq. (12) into Eq. (11) gives the variable-domain weak solution form of the group-g multigroup diffu-126

sion eigenvalue problem:127 ∫
Ωr

Dg(ξ)∇ϕg(ξ) · ∇v(ξ) dξ +
∫
Γr

E

[
−Dg(ξ)∇ϕg(ξ) · n

]
v(ξ) dγ +

∫
Γr

I

[
−Dg(ξ)∇ϕg(ξ) · n

]
v(ξ) dγ

+

∫
Ωr

Σt,g(ξ)ϕg(ξ)v(ξ) dξ =
∫
Ωr

 G∑
g′=1

Σs,g′→g(ξ)ϕg′ (ξ) +
χg

keff

G∑
g′=1

(νΣf)g′ (ξ)ϕg′ (ξ)

 v(ξ) dξ, g = 1, 2, . . . ,G.

(13)
It should be noted that the terms in the above variable-domain integral form can be further simplified according to the128

choice of the test function v(ξ) and the specific type of boundary conditions [36].129
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3.2. Variable-domain integral weak solution form of the 2D two-group neutron diffusion equation130

As an illustrative example, consider a two-dimensional two-group neutron diffusion eigenvalue problem on the131

rectangular domain Ω = [a, b] × [c, d]:132

−∇ · (D1(x, y)∇ϕ1(x, y)) +
[
Σa,1(x, y) + Σs,1→2(x, y)

]
ϕ1(x, y) =

1
keff

[
ν1Σf,1(x, y)ϕ1(x, y) + ν2Σf,2(x, y)ϕ2(x, y)

]
,

−∇ · (D2(x, y)∇ϕ2(x, y)) + Σa,2(x, y)ϕ2(x, y) = Σs,1→2(x, y)ϕ1(x, y),
(14)

where Σa,g is the absorption cross section, and Σs,1→2 is the scattering cross section from the fast group to the thermal133

group. For any spatial point (x, y) ∈ Ω, the corresponding two-dimensional variable-domain integration region is134

defined as135

Ωr = [a, x] × [c, y]. (15)

The geometric principle of this variable-domain integration is shown in Fig. 1(a).136

Figure 1: Schematic of variable-domain integration regions: (a) two-dimensional rectangular domain; (b) three-dimensional cubic domain.

The weak form is derived below using the first-group equation as an example. By integrating the first equation in137

Eq. (14) over the variable domain Ωr and choosing the constant test function v = 1, for which ∇v = 0, we obtain138 ∫ y

c

∫ x

a

[−∇ · (D1(x′, y′)∇ϕ1(x′, y′)
)]

dx′dy′

+

∫ y

c

∫ x

a

[
Σa,1(x′, y′) + Σs,1→2(x′, y′)

]
ϕ1(x′, y′) dx′dy′

=
1

keff

∫ y

c

∫ x

a

[
ν1Σf,1(x′, y′)ϕ1(x′, y′) + ν2Σf,2(x′, y′)ϕ2(x′, y′)

]
dx′dy′.

(16)

Since the gradient ∇v of the constant test function is zero, the above diffusion term can be transformed into a boundary139

integral form by using the basic weak-solution theory:140 ∫ y

c

∫ x

a

[−∇ · (D1(x′, y′)∇ϕ1(x′, y′)
)]

dx′dy′ = −
∮
∂Ωr

D1(x′, y′)∇ϕ1(x′, y′) · ndγ. (17)

For the rectangular subdomain Ωr = [a, x]× [c, y], the outward normal vectors n on its four boundaries are as follows:141

(−1, 0) at x′ = a, (1, 0) at x′ = x, (0,−1) at y′ = c, and (0, 1) at y′ = y. Accordingly, the boundary integral of the142

diffusion term can be expanded as:143

−
∮
∂Ωr

D1(x′, y′)∇ϕ1(x′, y′) · ndγ =
∫ y

c
D1(a, y′)

∂ϕ1

∂x′
(a, y′) dy′ −

∫ y

c
D1(x, y′)

∂ϕ1

∂x′
(x, y′) dy′

+

∫ x

a
D1(x′, c)

∂ϕ1

∂y′
(x′, c) dx′ −

∫ x

a
D1(x′, y)

∂ϕ1

∂y′
(x′, y) dx′.

(18)
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Substituting Eq. (18) into Eq. (16) gives the two-dimensional variable-domain integral weak solution form of the144

first-group equation. Similarly, by integrating the second-group equation over Ωr and rearranging the terms, the145

corresponding weak-form equation can be obtained.146

Therefore, the variable-domain integral weak solution form of the two-dimensional two-group steady-state diffu-147

sion eigenvalue problem on the rectangular domain can be written as follows:148 

∫ y

c
D1(a, y′)

∂ϕ1

∂x′
(a, y′) dy′ −

∫ y

c
D1(x, y′)

∂ϕ1

∂x′
(x, y′) dy′

+

∫ x

a
D1(x′, c)

∂ϕ1

∂y′
(x′, c) dx′ −

∫ x

a
D1(x′, y)

∂ϕ1

∂y′
(x′, y) dx′

+

∫ y

c

∫ x

a

[
Σa,1(x′, y′) + Σs,1→2(x′, y′)

]
ϕ1(x′, y′) dx′dy′

=
1

keff

∫ y

c

∫ x

a

[
ν1Σf,1(x′, y′)ϕ1(x′, y′) + ν2Σf,2(x′, y′)ϕ2(x′, y′)

]
dx′dy′,

∫ y

c
D2(a, y′)

∂ϕ2

∂x′
(a, y′) dy′ −

∫ y

c
D2(x, y′)

∂ϕ2

∂x′
(x, y′) dy′

+

∫ x

a
D2(x′, c)

∂ϕ2

∂y′
(x′, c) dx′ −

∫ x

a
D2(x′, y)

∂ϕ2

∂y′
(x′, y) dx′

+

∫ y

c

∫ x

a
Σa,2(x′, y′)ϕ2(x′, y′) dx′dy′ =

∫ y

c

∫ x

a
Σs,1→2(x′, y′)ϕ1(x′, y′) dx′dy′.

(19)

For the three-dimensional problem, let r = (x, y, z) and let the computational domain be Ω = [a, b]× [c, d]× [e, f ].149

The variable-domain integration region is defined as150

Ωr = [a, x] × [c, y] × [e, z]. (20)

Its principle is shown in Fig. 1(b). The derivation in the three-dimensional case is similar to that in the two-dimensional151

case. The main difference is that the boundary of the variable domain is extended from line segments to surfaces, and152

the corresponding boundary integrals change from line integrals to surface integrals. In addition, this method can be153

directly extended to other multigroup diffusion equations.154

3.3. Antiderivative transformation155

After constructing the variable-domain integral weak solution form shown in Eq. (13), if the variable-domain in-156

tegral terms are directly treated by traditional numerical integration methods, dense discrete summation will cause a157

large computational load because deep learning methods involve large-scale iterative optimization [38]. To improve158

computational efficiency, this paper introduces the antiderivative transformation theory [39]. The aim is to trans-159

form variable-domain integral terms with continuous integrands into equivalent local differential constraints, thereby160

reducing the scale of numerical integral terms that need to be handled.161

For the diffusion volume integral term in Eq. (13), if the integrand Dg(ξ)∇ϕg(ξ) · ∇v(ξ) is continuous in the162

integration domain, then according to the Newton–Leibniz formula [40] and related theory [39], an antiderivative163

Fg,0(r) can be defined to satisfy the following differential-integral relation:164 
Fg,0(r) =

∫
Ωr

Dg(ξ)∇ϕg(ξ) · ∇v(ξ) dξ,

∂dFg,0

∂r1∂r2 · · · ∂rd
= Dg(r)∇ϕg(r) · ∇v(r).

(21)

Since the family of antiderivatives differs by a function term C(r) related to r [40], a specific condition must be165

introduced to ensure uniqueness, denoted as Fg,0(ra) = ga. The construction and detailed discussion of such conditions166

can be found in Refs. [35, 36, 39].167

6



Similarly, for the boundary integral terms in Eq. (13), if the integrand
[
−Dg(ξ)∇ϕg(ξ) · n

]
v(ξ) satisfies the con-168

tinuity requirement, it can be decomposed along the coordinate directions. Under the condition Fg,ℓ(rb) = gℓ, the169

antiderivative Fg,ℓ(r) corresponding to the ℓ-th coordinate direction can be determined. Through the above transfor-170

mation, the original variable-domain integral weak solution form Eq. (13) can finally be transformed into the following171

antiderivative-transformed weak solution form:172

Fg,0(r) −
d∑
ℓ=1

Fg,ℓ(r) +
∫
Ωr

Σt,g(ξ)ϕg(ξ)v(ξ) dξ

=

∫
Ωr

 G∑
g′=1

Σs,g′→g(ξ)ϕg′ (ξ) +
χg

keff

G∑
g′=1

(νΣf)g′ (ξ)ϕg′ (ξ)

 v(ξ) dξ, g = 1, 2, . . . ,G.

(22)

3.4. Deep learning solution of the antiderivative-transformed weak solution form173

After obtaining the antiderivative-transformed form shown in Eq. (22), it can be solved based on the classical174

PINN architecture [6] or improved deep learning frameworks for differential equations [41, 42]. In this paper, neural175

networks are used to approximate the neutron fluxes of all energy groups and the corresponding antiderivatives. For176

the g-th energy group, the neutron flux is written as177

ϕg,θ(r) = Nϕg (r; θg), g = 1, 2, . . . ,G, (23)

where Nϕg is the neutron flux network of the g-th group, and θg denotes its network parameters.178

Similarly, the antiderivative terms can be written as179

Fg,m,η(r) = NFg,m (r; ηg,m), m = 0, 1, . . . , d. (24)

Here, Fg,0,η corresponds to the antiderivative of the diffusion volume integral term, and Fg,ℓ,η corresponds to the bound-180

ary flux antiderivative in the ℓ-th coordinate direction, with ℓ = 1, 2, . . . , d. In practical implementation, independent181

networks can be built for different antiderivatives, or a multi-output neural network can be used to represent several182

antiderivative components together.183

Based on the above approximations, the total loss function consists of the equation residual, the antiderivative184

definition constraint, the antiderivative determining conditions, and the boundary conditions:185

L = wrLr + wdefLdef + wFLF + wbLb, (25)

where Lr is used to constrain the equation residual shown in Eq. (22); Ldef is used to constrain the differential relation186

between the antiderivatives and their corresponding integrands; LF is used to impose the determining conditions of187

the antiderivatives; and Lb is used to satisfy the boundary conditions shown in Eq. (4). wr, wdef , wF , and wb are the188

corresponding loss weights.189

It should be noted that the diffusion volume integral term and part of the boundary flux terms in Eq. (22) that190

satisfy the continuity requirements are constrained by the antiderivative networks and their automatic differentiation.191

In contrast, the absorption, scattering, and fission source terms usually contain material-dependent macroscopic cross192

sections and may have jumps at interfaces in multi-material problems, so they are calculated by numerical integration.193

In this way, the number of terms that need direct numerical integration is reduced, while avoiding the forced construc-194

tion of global antiderivatives for discontinuous terms. During training, all neural-network parameters are optimized to195

minimize the total loss function in Eq. (25). When the loss value reaches the preset accuracy requirement or satisfies196

the stopping criterion, Nϕg (r; θg) is used as the numerical approximation of the group-g neutron flux ϕg(r). Related197

implementation details can be found in Refs. [38, 39].198

4. Numerical experiments199

This section presents a series of numerical examples to evaluate the ability of the VIWS method to solve neutron200

diffusion equations with discontinuous coefficients. The reference solutions are obtained by the high-accuracy FEM,201

and the comparison method is the standard PINN [6]. Unless otherwise stated, the examples use the same basic202
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training protocol. The weights of the loss terms, wr, wdef , wF , and wb, are selected according to the physical meanings203

of the constraints and empirical numerical tests; in general, the boundary-condition weight is set larger than the interior204

residual weights to improve boundary satisfaction. A two-stage training strategy combining Adam and L-BFGS is205

used. In the Adam stage, the learning rate is 10−3 and the number of iterations is 2, 000. Then, L-BFGS is used for206

further optimization until the loss function satisfies the convergence criterion. The default network is an 8-layer fully207

connected neural network, with 32 neurons in each layer and Tanh as the activation function.208

The prediction accuracy is measured by the relative L2 error:209

ϵL2 =
∥ϕ̂ − ϕref∥2
∥ϕref∥2

=

√√√√∑N
i=1

(
ϕ̂(ri) − ϕref(ri)

)2∑N
i=1 ϕ

2
ref(ri)

. (26)

where ϕ̂ is the neutron flux predicted by the neural network, ϕref is the FEM reference flux, and N is the number of210

test points. For eigenvalue problems, the deviation of the effective multiplication factor is expressed in pcm, namely211

∆kpcm = |kNN − kref | × 105.212

4.1. 2D regular hexagonal single-group fixed-source problem213

This example considers a single-group fixed-source problem in a two-dimensional regular hexagonal domain. It214

is used to test the performance of VIWS for problems with complex outer boundaries. The single-group fixed-source215

equation corresponding to Eq. (2) is216

−∇ · (D(r)∇ϕ(r)) + Σt(r)ϕ(r) = νΣf(r)ϕ(r) + S (r), r ∈ Ω (27)

where r = (x, y), and ϕ is the single-group neutron flux. A homogeneous Dirichlet condition is imposed on the outer217

boundary: ϕ(r) = 0, r ∈ ∂Ω.218

The computational domain Ω is a regular hexagon with a circumradius of R = 1.0 cm. It is divided into three219

subdomains,Ω1,Ω2, andΩ3, by two concentric circular interfaces. Fig. 2(a) shows the geometry and material regions,220

and Fig. 2(b) shows the FEM reference flux. The material parameters are listed in Table 1.221

Table 1: Material parameters for the 2D regular hexagonal single-group fixed-source problem

Subdomain Radial range D (cm) Σt (cm−1) νΣf (cm−1) S (cm−3·s−1)

Ω1 r ≤ 0.5 1.00 0.220 0.120 10
Ω2 0.5 < r ≤ 0.65 0.25 0.060 0.000 0
Ω3 r > 0.65 4.00 0.020 0.000 0

Figure 2: Computational setup of the 2D regular hexagonal single-group fixed-source problem. (a) Geometry and material regions; (b) FEM
reference flux; (c) neural-network test function v.
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VIWS uses four independent neural networks to represent the neutron flux ϕ(x, y) and the antiderivatives {Fk}2k=0,222

respectively. The total number of interior and boundary sampling points is 10, 000. For the regular hexagonal bound-223

ary, this paper uses a bell-shaped neural-network test function that is zero on ∂Ω. Its spatial distribution is shown in224

Fig. 2(c).225

Fig. 3 compares the flux predictions and absolute errors of the standard PINN and VIWS. The relative L2 error226

of the standard PINN is 4.04 × 10−1, and the error is mainly concentrated near the source region Ω1. The relative L2227

error of VIWS is reduced to 1.25 × 10−2. Fig. 4 shows the antiderivative fields F0, F1, and F2 learned by VIWS. The228

results indicate that VIWS is applicable to problems with complex outer boundaries and achieves substantially higher229

accuracy than the standard PINN.230

Figure 3: Comparison of flux prediction and error for the 2D regular hexagonal single-group fixed-source problem. (a) PINN-predicted flux; (b)
PINN absolute error; (c) VIWS-predicted flux; (d) VIWS absolute error.

Figure 4: Antiderivative fields for the 2D regular hexagonal single-group fixed-source problem. (a) F0; (b) F1; (c) F2.

4.2. 3D eight-region single-group fixed-source problem231

This example tests the performance of VIWS for a three-dimensional multi-interface problem in heterogeneous232

media. The governing equation is still Eq. (27), where r = (x, y, z), and homogeneous Dirichlet conditions are imposed233

on the outer boundary. The computational domain is Ω = [−1, 1]3.234

The three coordinate planes divide the cube into eight subdomains, Ω1, . . . ,Ω8. Fig. 5(a) shows the geometry and235

material regions, and Fig. 5(b) shows the FEM reference flux. The material parameters are listed in Table 2.236

Table 2: Material parameters for the 3D eight-region single-group fixed-source problem

Subdomain D (cm) Σt (cm−1) νΣf (cm−1) S (cm−3·s−1)

Ω1,Ω3,Ω6,Ω8 1.00 0.220 0.120 10.0
Ω2,Ω4,Ω5,Ω7 4.00 0.020 0.000 0.0
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Figure 5: Computational setup of the 3D eight-region single-group fixed-source problem. (a) Geometry and material regions; (b) FEM reference
flux.

In this example, the test function v = (x + 1)(y + 1)(z + 1) is chosen, which is zero on part of the boundary.237

Five independent neural networks are used to represent ϕ(x, y, z) and {Fk}3k=0, and the number of sampling points is238

216, 000.239

Fig. 6 shows the flux predictions and error distributions of the standard PINN and VIWS. The standard PINN240

produces obvious errors at internal interfaces and interface intersection regions, and its relative L2 error is 3.20×10−1.241

The relative L2 error of VIWS is 2.60 × 10−2. Fig. 7 shows the corresponding antiderivatives F0, F1, F2, and F3242

learned by VIWS.243

Figure 6: Comparison of flux prediction and error for the 3D eight-region single-group fixed-source problem. (a) PINN-predicted flux; (b) PINN
absolute error; (c) VIWS-predicted flux; (d) VIWS absolute error.

Figure 7: Antiderivative fields for the 3D eight-region single-group fixed-source problem. (a) F0; (b) F1; (c) F2; (d) F3.

The results show that the proposed method can effectively handle the discontinuity of flux gradients caused by244

interfaces in high-dimensional heterogeneous media. The proposed method maintains a clear accuracy advantage over245

the standard PINN. Since this type of diffusion calculation based on regular 3D blocks is common in the engineering246
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design and analysis of large reactor cores [16], this example also verifies the applicability of the proposed method to247

three-dimensional multi-interface problems from the perspective of engineering application.248

4.3. 3D single-group fixed-source problem with a cylindrical rod bundle array249

This example further verifies the applicability of the VIWS method for problems with multiple curved interfaces250

and mixed boundary conditions by considering a three-dimensional array of axially aligned cylindrical rods. The251

governing equation is Eq. (27), where the spatial position is denoted by r = (x, y, z).252

The computational domain is set as the cubic region Ω = [−1, 1]3. To simulate typical physical boundaries of253

a reactor core, homogeneous Dirichlet conditions (ϕ = 0) are imposed on the side boundaries, while zero-normal-254

gradient Neumann conditions are imposed on the upper and lower surfaces (z = ±1), that is, ∇ϕ · n = 0. Inside the255

computational domain, nine fuel cylinders penetrating along the z-axis are uniformly arranged. The geometric layout256

and material regions are shown in Fig. 8(a), and the material parameters are listed in Table 3. In addition, the reference257

flux field generated by the FEM is shown in Fig. 8(b).258

Table 3: Material parameters for the 3D single-group fixed-source problem with a cylindrical rod bundle array

Subdomain D (cm) Σt (cm−1) νΣf (cm−1) S (cm−3·s−1)

Ω1 1.00 0.220 0.120 10.0
Ω2 2.00 0.010 0.000 0

Figure 8: Computational setup of the 3D single-group fixed-source problem with a cylindrical rod bundle array. (a) Geometry and material regions;
(b) FEM reference flux.

In this example, the test function is taken as v = 1, and the other hyperparameters are the same as those in259

Section 4.2. Fig. 9 shows the flux predictions and error distributions of the standard PINN and VIWS. The relative260

L2 error of the standard PINN is 3.55 × 10−1, while that of VIWS is 6.26 × 10−2. Fig. 10 shows the corresponding261

antiderivatives F0, F1, F2, and F3.262

Figure 9: Comparison of flux prediction and error for the 3D single-group fixed-source problem with a cylindrical rod bundle array. (a) PINN-
predicted flux; (b) PINN absolute error; (c) VIWS-predicted flux; (d) VIWS absolute error.
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Figure 10: Antiderivative fields for the 3D single-group fixed-source problem with a cylindrical rod bundle array. (a) F0; (b) F1; (c) F2; (d) F3.

The results show that VIWS can effectively solve high-dimensional interface problems with complex geometries263

and can also handle mixed Dirichlet and Neumann boundary conditions.264

4.4. 2D two-group fixed-source problem in an L-shaped domain265

This example further considers a two-group coupled fixed-source problem in an irregular geometry. The fast-266

group and thermal-group fluxes are denoted by ϕ1 and ϕ2, respectively, and the spatial coordinate is r = (x, y). The267

governing equations are268

−∇ · (D1∇ϕ1(r)) +
(
Σa,1 + Σs,1→2

)
ϕ1(r) = ν1Σf,1ϕ1(r) + ν2Σf,2ϕ2(r) + S 1(r),

−∇ · (D2∇ϕ2(r)) + Σa,2ϕ2(r) = Σs,1→2ϕ1(r) + S 2(r).
(28)

The computational domain is a two-dimensional L-shaped region, which consists of three material subdomains269

Ω1, Ω2, and Ω3. Fig. 11(a) shows the geometry and material regions, and Fig. 11(b) and Fig. 11(c) show the FEM270

reference fluxes of the fast group and thermal group, respectively. The two-group material parameters are listed in271

Table 4.272

Table 4: Material parameters for the 2D two-group fixed-source problem in an L-shaped domain

Subdomain Group Dg (cm) Σa,g (cm−1) νgΣf,g (cm−1) Σs,1→2 (cm−1) S g (cm−3·s−1)

Ω1 1 1.255 0.013052 0.00480 0.02533 1
2 0.2110 0.10030 0.00000 0

Ω2 1 1.268 0.011501 0.00432 0.02767 0
2 0.1902 0.07047 0.00000 0

Ω3 1 1.259 0.012562 0.00456 0.02617 0
2 0.2091 0.08344 0.00000 0

Figure 11: Computational setup of the 2D two-group fixed-source problem in an L-shaped domain. (a) Geometry and material regions; (b) FEM
reference flux of the fast group; (c) FEM reference flux of the thermal group.
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Zero-flux Dirichlet conditions are imposed on the right and top boundaries, and zero-normal-current Neumann273

conditions are imposed on the left and bottom boundaries:274

ϕg(r) = 0, r ∈ ∂ΩD,

∇ϕg(r) · n = 0, r ∈ ∂ΩN,
g = 1, 2, (29)

where n is the outward unit normal vector, and ∂ΩD and ∂ΩN denote the Dirichlet boundary and the Neumann bound-275

ary, respectively.276

In this example, two independent neural networks are used to represent ϕ1 and ϕ2, respectively. The test function277

is chosen as v = x+y+1, and 13,783 points are uniformly sampled in the domain. Fig. 12 shows the VIWS predictions278

and absolute errors for the fast-group and thermal-group fluxes. The relative L2 errors of the fast group and thermal279

group are ϵ(1)
L2
= 4.66 × 10−3 and ϵ(2)

L2
= 2.10 × 10−2, respectively. The larger errors are mainly located near the280

re-entrant corner of the L-shaped domain. The results show that VIWS can handle two-group coupled fixed-source281

problems in irregular geometries.282

Figure 12: VIWS flux prediction and error distribution for the 2D two-group fixed-source problem in an L-shaped domain. (a) Predicted fast-group
flux; (b) absolute error of the fast group; (c) predicted thermal-group flux; (d) absolute error of the thermal group.

4.5. 2D-IAEA two-group neutron diffusion eigenvalue benchmark283

This example uses the classical 2D-IAEA pressurized water reactor (PWR) two-group neutron diffusion eigenvalue284

benchmark. It aims to verify the applicability of the VIWS framework to complex multi-material geometries and285

eigenvalue problems. This problem neglects the effect of delayed neutron precursors [43]. Its governing equations286

and the corresponding variable-domain integral weak form are given in Eq. (14) and Eq. (19), respectively.287

For the core configuration, this benchmark consists of two types of fuel regions and an outer reflector, with a288

total of 177 fuel assemblies. The width of each assembly is 20, cm, and the thickness of the surrounding reflector289

is also 20, cm. Based on the symmetry of the geometry and material distribution, only one-quarter of the domain is290

used in the calculation. This quarter domain includes four types of material subregions, Ω1–Ω4, and their layout is291

shown in Fig. 13(a). The boundary conditions are set as follows: zero-normal-current Neumann conditions are used292

on the symmetry boundaries, and zero-flux Dirichlet conditions are used on the outer boundaries. The related material293

group constants are listed in Table 5. In addition, Fig. 13(b) and (c) show the fast-group and thermal-group reference294

flux distributions obtained by the finite element method (FEM), respectively. The corresponding reference effective295

multiplication factor is keff = 1.03394.296

The flux magnitude of an eigenvalue problem is not uniquely scaled [13]. To fix the eigenfunction amplitude and297

avoid the trivial solution, a global normalization constraint is imposed on the fast-group flux:298

Lnorm =

 1
Nr

Nr∑
i=1

ϕ2
1(ri) − 1


2

. (30)

At the same time, Fourier feature mapping [44] is introduced at the network input to improve the network’s ability to299

represent material interfaces, geometric corners, and local high-gradient regions. The effective multiplication factor300
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keff is treated as a global parameter to be optimized and is updated together with the neural network weights [45]. A301

total of 54, 677 points are uniformly sampled in the domain, and the test function is chosen as v = 1.302

Table 5: Material parameters for the 2D-IAEA two-group neutron diffusion eigenvalue benchmark

Subdomain Group Dg (cm) Σa,g (cm−1) νgΣf,g (cm−1) Σs,1→2 (cm−1) Material

Ω1 1 1.5 0.010 0.000 0.02 Fuel 1
2 0.4 0.080 0.135

Ω2 1 1.5 0.010 0.000 0.02 Fuel 2
2 0.4 0.085 0.135

Ω3 1 1.5 0.010 0.000 0.02 Fuel 2 + control rod
2 0.4 0.130 0.135

Ω4 1 2.0 0.000 0.000 0.04 Reflector
2 0.3 0.010 0.000

Figure 13: Computational setup of the 2D-IAEA two-group neutron diffusion eigenvalue benchmark. (a) Quarter-core geometry and material
regions; (b) FEM reference flux of the fast group; (c) FEM reference flux of the thermal group.

Figure 14: VIWS results for the 2D-IAEA two-group neutron diffusion eigenvalue benchmark. (a) Predicted fast-group flux; (b) absolute error of
the fast group; (c) convergence curve of keff ; (d) predicted thermal-group flux; (e) absolute error of the thermal group.

14



Fig. 14 shows the two-group flux predictions, error distributions, and the convergence process of keff obtained by303

VIWS. The computed result is keff = 1.03372, with a deviation of approximately 22 pcm from the FEM reference304

value. The relative L2 errors of the fast-group and thermal-group fluxes are ϵ(1)
L2
= 4.01 × 10−2 and ϵ(2)

L2
= 8.89 × 10−2,305

respectively. The results show that VIWS can be used for two-group neutron diffusion eigenvalue problems with306

engineering-type geometries, and it can provide both the effective multiplication factor and the corresponding flux307

fields.308

5. Conclusion309

This paper applies the variable-domain integral weak solution (VIWS) theory to deep learning-based neutron310

diffusion calculations in heterogeneous media. The main contributions are summarized as follows. First, variable-311

domain integration regions are introduced into the integration-by-parts process, a VIWS form of the neutron diffusion312

equation is constructed for complex geometries and multigroup conditions. This form effectively reduces the difficulty313

caused by interface derivative singularities in solving neutron diffusion equations and improves the calculation accu-314

racy. Second, a single-network framework is used to represent the global numerical solution of the neutron diffusion315

equation. Based on the principle of flux continuity, the interface derivative jumps are handled implicitly, avoiding316

the explicit treatment of complex internal interface conditions. Finally, for integral terms with continuous kernels,317

they are further transformed into the corresponding antiderivative forms and used in the deep learning solution, which318

improves computational efficiency.319

The numerical results show that the proposed method has high accuracy in solving two-dimensional and three-320

dimensional neutron diffusion problems in heterogeneous media, and is significantly better than the classical PINN321

method. It is applicable to irregular boundaries, mixed boundary conditions, multigroup coupling, and eigenvalue322

calculation, and shows potential for further engineering-oriented applications.323

Future work may focus on extending the proposed method to practical applications such as three-dimensional324

space-time neutron kinetics problems, multiphysics coupling, and large-scale complex reactor core problems. In325

addition, future studies may combine the method with new neural network architectures and machine learning methods326

based on large-scale parallel computing, so as to further improve the accuracy and efficiency of deep learning methods327

in neutron diffusion calculation and promote practical engineering applications.328
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